The pair correlation function of a strongly interacting one-dimensional quantum dot is evaluated analytically within the framework of the spin coherent Luttinger liquid model. The influence of electron interactions and temperature on the competition between finite-size effects and electronic correlations is analyzed, also in the regime of large numbers of particles. The development of Wigner molecule correlations is observed as interactions get stronger. The visibility of such signatures is enhanced for temperatures comparable with the spin excitation energy of the system due to a suppression of the uncorrelated Friedel contribution to the pair correlation function.
Introduction
After more than 75 years of investigations, both the theoretical description and the experimental realization of Wigner crystals and Wigner molecules, a paradigmatic example of strongly correlated state of electrons in condensed matter, still represent a challenging problem [1] .
Much insight in this fascinating problem has been gained thanks to quantum dots [2] , an ideal playground for the study of correlated electron systems. In circular two dimensional (2D) quantum dots Wigner molecules have been extensively studied theoretically [3, 4] . Here, the electron density only shows weak signatures of the Wigner molecule through a radial ordering, while no angular correlations can be detected due to the rotational symmetry of the system. The latter can only be probed by means of density-density correlation functions or pair correlation functions (PCF). Several different theoretical tools are employed to study 2D quantum dots but all rely heavily on numerical calculations [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] , which limits the most accurate investigations to a rather low number of particles N ∼ 10. Experimentally, the key tool to detect Wigner molecules in 2D dots is optical-spectroscopy, with results being compared with the numerical predictions of the theory [16] . Also the coupling to local probes such as AFM or STM tips has been proposed [17, 18] .
One-dimensional (1D) systems are qualitatively different, in that breaking the translational invariance makes it possible to deserve strong oscillations already at the level of the electron density. Finite-size effects show up as Friedel oscillations with a wavevector k F (the Fermi momentum of the dot), while electron correlations induce Wigner oscillations characterized by twice the wavevector, i.e. 2k F [19, 20] . Even though 1D systems have also been approached by means of numerical techniques [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] the peculiar nature of the low-energy excitations of interacting 1D systems, described by the Luttinger liquid theory [34] , allows to employ bosonization techniques to obtain analytical results [35, 36, 37, 38] also concerning the transport properties of such systems [39, 40, 41, 42, 43, 44, 45] . The analytical study of the electron density of an interacting 1D quantum dot within the Luttinger liquid theory is particularly simple at zero temperature: the Friedel and the Wigner contributions are well separated and their relative importance is governed by the interaction parameter of the theory [42, 43] . For increasing temperatures, the thermal activation of spin excited states leads to a suppression of the Friedel term and the emergence of clearer Wigner signatures [46] . It is however interesting to assess whether this behaviour is observed also in two-particle probes such as the PCF, which are a direct measure of the degree of correlation induced by electronic interactions. Indeed, ab initio calculations confirm this quantity as a sensitive tool to assess the degree of correlations also in 1D systems [35, 47] .
In this work we analytically evaluate the PCF of a strongly interacting 1D quantum dot, in the presence of both Friedel and Wigner oscillations. Employing the spin-coherent Luttinger liquid picture [37] we include thermal effects up to a temperature T NE σ /k B with E σ the spin excitation energy. Our analytical approach circumvents the typical restriction to low N of purely numerical approaches and allows in principle to easily investigate systems with an arbitrarily large number of particles. Both the Friedel and the Wigner oscillations induce peculiar patterns in the PCF. The Wigner term induces N − 1 distinct peaks of the PCF, while the Friedel term tends to favor their grouping in pairs. A crossover towards the Wigner regime is observed as interactions are stronger. We find that the PCF is indeed sensitive to thermal effects: indeed, the grouping induced by the Friedel oscillations tends to disappear leading to an emergence of the Wigner correlations akin to the phenomenon shown by the single-particle density.
The outline of the paper is as follows. In Sec. 2 we briefly introduce the spin-coherent Luttinger model for the 1D strongly interacting quantum dot, and give analytic expression for the electron density and the PCF. Section 3 is devoted to the discussion of the results concerning the PCF, while Sec. 4 contains our conclusions.
Model and methods

System hamiltonian
Our model consists of a 1D quantum dot of length L with N ρ extra electrons, described within the coherent Luttinger liquid picture [34] valid in the low energy sector provided that the temperature satisfies k B T < D σ , D ρ , with D ρ/σ = N ρ E ρ/σ the band width of the spin and charge sectors respectively. Here, N ρ = N + ∆N ρ where N represents the reference number of electrons in the systems which we will assume even for definiteness. For higher temperature D σ k B T D ρ the spinincoherent Luttinger liquid theory must be employed [37, 46] . The hamiltonian is (henceforth, = 1)
The first two terms of Eq. (1) represent the zero-modes sector of the theory with E ν = πv ν /2Lg 2 ν the charge (ν = ρ) and spin (ν = σ) addition energies of the modes ∆N ρ = N + + N − − N and ∆N σ = N + − N − with N s the total number of eletrons with spin s. One has |∆N σ | ≤ N + ∆N ρ . We deal with an isolated quantum dot which exchanges no particles with the environment. As a consequence, the ground state of the dot has ∆N ρ = 0 which implies N + + N − = N. Furthermore, v ν is the velocity of the mode ν and g ν models the strength of electron interactions. One has g ρ = g < 1 for repulsive interactions (g = 1 is the non-interacting limit) while g σ = 1 is implied by SU(2) invariance. For strong electron interactions one has v σ v ρ , while v σ = v ρ = v F in the non-interacting regime, with v F the Fermi velocity of the system. The strong separation of the spin and charge propagation velocities is responsible for the temperature-induced emergence of Wigner correlations over finite-size effects that we are going go discuss in this paper [46] . The last term in Eq. (1) describes collective charge and spin density waves with quantized momentum q = πn q /L where n q > 0 is an integer and ε ν = πv ν /L, triggered by bosonic annihilation operators d ν,n q .
Electrons are described by the electron field operator ψ s (x) expressed as [48] 
in terms of ψ s,r (x), the field operators for right (r = +) and left (r = −) moving electrons. Here k F = πN/2L is the system Fermi momentum. The operators ψ s,α (x) satisfy the condition
Within the bosonization language we have
with 
Electron density
Finite size and interaction effects induce peculiar spatial oscillations of the electron density
The most important contributions are a long-wave (L) modulation, slowly varying on the scale of the dot, the Friedel contribution (F) oscillating with a period ≈ 2L/N and the Wigner one (W) oscillating at L/N, yielding
with
and
is an interaction-dependent model parameter which modulates the relative strength of Friedel and Wigner contributions to the density, and ensures the right boundary conditions ρ(0) = ρ(L) = 0. Numerical investigations [29] suggest that for strongly interacting or diluted systems λ → 1 while for weak interactions λ ≈ 0.
In bosonized form one has [46] 
where
h(x) = 1 2 tan
To proceed, we perform a thermal average over the dot degrees of freedom, which we assume thermalized and described by an equilibrium density matrix D = Z −1 exp(−βH d ), with Z = Tr{exp(−βH d )} the corresponding partition function and β −1 = k B T . We therefore introduceρ(x) = Tr {Dρ(x)} and obtain [46] ρ
s (x) and
Here, the bracket
denotes the average over the dot spin zero modes. Furthermore, α ν (x) = β ν (x, x) with
The terms β ρ (x, y) with an excellent precision. The Friedel component ofρ(x) is composed by a superposition of terms oscillating at all wavelengths 2L/(N + ∆N s ), by virtue of the thermal average over the spin zero modes. For very small temperatures T T σ the term with ∆N s = 0 is the only relevant contribution to the average, leading to the standard Friedel oscillations with wavelength 2L/N. For higher temperatures, partial cancellations due to the overlap of oscillating terms with different wavelengths occur, leading to a suppression ofρ (F) (x). The Wigner term, on the other hand, is characterized by the wavelength L/N and is robust in the temperature range explored in this paper.
Pair correlation function
A tool to investigate in more details the correlations that develop into the quantum dot and its internal electronic structure is the PCF [19, 15] 
which estimates the degree of correlation between the density at positions x and x in the system. Due to the Pauli exclusion principle,Ḡ(x, x) < 1 while in general positive correlations can develop for x x. For an uncorrelated system (and x x ), the trace in Eq. (24) decouples andḠ(x, x ) = 1. Since the quantum dot is not translationally invariant,Ḡ(x, x ) depends in a non-trivial way on both x and x . The PCF can be expressed in terms of the two-point density-density correlator Tr {ρ(x)ρ(x )}. Expressed in terms of products involving the long-wave, Friedel and Wigner components of the density, the PCF becomes
Here we have introduced A(x, x ) = α ρ (x)α ρ (x )α σ (x)α σ (x ) and
. Both the electron densityρ(x) and the PCFḠ(x, x ) can be conveniently evaluated by means of standard computer algebra systems even for large N, which constitutes a great advantage of the analytical approach allowed by the Luttinger liquid formalism.
Results
We begin by briefly recalling the behaviour of the electron densityρ(x) as a function of the interaction strength g and of Fig. 1(b) . Indeed, as temperature is increased above E σ /k B , spin zero-mode excitations become thermally activated. This leads to the superposition of Friedel terms with different wavelengths already mentioned in the previous section. As a result, the Friedel contribution toρ(x) gets damped in comparison to the Wigner one which is stable since k B T E ρ . As a result, the peak grouping tends to disappear and Wigner correlations in the density tend to emerge even more as the comparison between the solid (low temperature) and the dashed (high temperature) lines in Fig. 1(b) shows.
Let us now turn to the discussion of the PCF. Figure 2 shows G(x, x ) as a function of x for different values of x and different particle numbers. In both panels (a) and (c) x sits on a minimum ofρ(x), denoted by the full dot in Fig. 1(a) , while in panels (b) and (d) x is chosen on a maximum ofρ(x), the open dot in Fig. 1(a) . All the four panels of Fig. 2 display a set of common features. Most prominent is the presence of a correlation hole for x ≈ x , whereḠ(x, x )
1. This negative correlation is due to the Pauli exclusion principle and the Coulomb repulsion among electrons. Away from the correlation hole,Ḡ(x, x ) exhibits an oscillatory behavior alternating between positive and negative correlations of the position x with the position x . These oscillations are the hallmark of Wigner correlations within the system: indeed the number of oscillations is precisely N − 1, reflecting the correlation of the electron at x with the other N − 1 electrons in the molecule. The correlations are stronger when x sits on a maximum of the single particle electron density and thus, from now on, we will always choose this coordinate accordingly. Figure 3 (a) displays the behaviour of the PCF as the interaction strength is increased. While the correlation hole is essentially dominated by the Pauli principle and is almost unaffected by the variations in g, the spatial oscillations ofḠ(x, x ) are enhanced as g is decreased in analogy to the behaviour ofρ(x). This effect is particularly evident in Fig. 3(b) which shows a zoom of the PCF to the left of the correlation hole: the amplitude of oscillations is increased. Also, a tendency towards the grouping of the oscillations can be detected, reminescent of the behaviour of the density at low temperatures.
To investigate this issue, we report in Fig. 4 results for the PCF in the case of low temperature (k B T = 0.5E σ , dashed line) and high temperature (k B T = 20E σ , solid line) for the case of N = 30. Both for strong interactions, see Fig. 4(a) , and for moderate ones, see Fig. 4(b) , the tendency towards a grouping of the peaks ofḠ(x, x ) disappears as temperature is increased above (27), (29) , and (31). We want to stress that the high temperature regime analyzed here is still within the validity range k B T < D σ .
Conclusions
In this paper we have evaluated the PCF of a strongly interacting one-dimensional quantum dot. Employing the spin-coherent Luttinger liquid model within the bosonization language, analytical expressions have been obtained, which can be easily evaluated even for very large numbers of electrons. By investigating its behaviour as a function of the interaction strength and of the system temperature, we were able to confirm that at low temperature Wigner correlations get enhanced over finite-size Friedel oscillation, even though the latter still modulate the spatial behaviour of the PCF. Increasing the temperature above the spin zero-mode excitation gap leads to a superposition of oscillatory patterns in the terms of the pair correlation function which involve the Friedel oscillations, leading to their suppression in comparison to the Wigner ones. An intermediate temperature regime is then reached in which Wigner effects emerge over finite-size ones.
